WEIGHTED NORM INEQUALITIES, OFF-DIAGONAL ESTIMATES 

AND ELLIPTIC OPERATORS 

PART II: OFF-DIAGONAL ESTIMATES 
ON SPACES OF HOMOGENEOUS TYPE 

PASCAL AUSCHER AND JOSE MARIA MARTELL 

Abstract. This is the second part of a series of four articles on weighted norm 
inequalities, off-diagonal estimates and elliptic operators. We consider a substitute 
to the notion of pointwise bounds for kernels of operators which usually is a measure 
of decay. This substitute is that of off-diagonal estimates expressed in terms of 
local and scale invariant — L'^ estimates. We propose a definition in spaces of 
homogeneous type that is stable under composition. It is particularly well suited to 
semigroups. We study the case of semigroups generated by elliptic operators. 
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1. Introduction 

Since its discovery by Gaffney [ Gafj for the heat equation on Riemannian manifolds, 
one can show that most semigroups generated by elhptic operators satisfy the so-called 
off-diagonal estimates. They are of the form 

\\Tt{XEf)\\L-iF)<Ce-''^\\f\\mE), (1.1) 

valid for all t > and all f & L"^ whenever F are closed sets and d{E, F) an ap- 
propriate distance on sets. This estimate is relevant when t is smaller than a time to 
comparable to (P{E,F) = (P: before to? the heat, which we imagine with a Gaussian 
distribution, has not had enough time to diffuse from E to give a significant contri- 
bution on F, hence the decay in t/cP which explains the terminology "off- diagonal." 
These estimates are instrumental in many applications of semigroups. For example, 
they are the main technical tool (for the resolvent instead of the semigroup) in the 
proof of the Kato conjecture lAHLMoTj. Whether one can improve integrability prop- 
erties depends on other arguments. Such an improvement, called hypercontractivity 
(see, e.g. |Da3p . is usually linked to some kind of Sobolev embedding. 

A strong form of off-diagonal estimates is the Gaussian upper bound, that is, a 
pointwise control of the kernel of Tt by Gaussians: 

\Kt{x,y)\<Ct-'^'\ —. (1.2) 

This behavior appears frequently and has yielded in the 1990 's a number of beauti- 
ful results on independence of sectors of analyticity for semigroups, independence of 
L^-spectrum as p varies for their generators, maximal regularity problems, .... An 
account on all this as well as a documented bibliographical list can be found in a 
recent survey by Arendt |Arej . 

The power of t in front of the Gaussian factor appears in homogeneous situations 
where the volume of balls is comparable to a power of their radii. In this case, such an 
estimate implies — L°° boundedness of Tt known as the ultracontractivity property. 
There are geometric situations, such as Riemannian manifolds or weighted measures, 
where the volume of a ball is not comparable to a power of its radius. In this case, 
the Gaussian upper bound becomes 

\Kt{x,y)\<^ e t , (1.3) 

^JVo\{B{x, Vt))Vo\{B{y,Vt)) 

and this no longer implies ultracontractivity. This estimate has to be treated as some 
sort of local and scale invariant L} — bound which can be called — off- 
diagonal estimates; it is still the improvement of regularity in the scale of Lebesgue 
spaces that matters, even if it is local. 

The Gaussian upper bound ()1.2|1 is equivalent to 



ccf{E,F) 

mxEf)\\L-iF) < cr-i^e ^wnWi^E) (1.4) 

for all t > 0, / G and all closed sets E^ F . Interpolation between ()1.1|) and p.4|) 
yield intermediate U — LP conditions of the same type. Hence, one can formulate a 
definition for arbitrary p, q with 1 < p < g < cx) which we call here U' — full off- 
diagonal estimates. Such conditions appear naturally in absence of Gaussian upper 
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bounds ()1.2|) . Davies showed that such a generahzation already leads to improved 
results on independence of sectors of analyticity and independence of L^-spectrum as 
p varies |Da4j . 

In another direction, we owe to Blunck and Kunstmann the fundamental observa- 
tion that this notion of — L'^ off-diagonal estimates for p < q permits to develop a 
theory of singular "non-integral" operators for which one can formulate bounded- 
ness criteria for p in arbitrary intervals in the absence of information on the kernels 
(pointwise bounds and even bounds in mean). Let us mention their weak type {p,p) 
criterion for 1 < p < 2 in absence of kernels and assuming weak type (2, 2), similar to 
the generalization by Duong and Mcintosh jDMcj of Hormander's result ||Hori| when 
p = 1 in presence of kernel bounds. See their series of papers |BKH IBK2| IBK3j . See 
also |HMj for related ideas. One can find in Fefferman's work |Fef] the essence of such 
a criterion but no explicit statement was needed because it was in a situation where 
one can split operators in pieces with localized smooth kernels. In the same spirit, 
|ACDHj proposes a strong type (p, p) criterion for one p > 2 (not all) via good-A 
inequalities (we also refer the reader to the first article of the series |AMlj where we 
generalize this to weighted norm estimates). In |Ausj . all these ideas are presented in 
the Euclidean setting and applied to some singular "non-integral" operators arising 
from elliptic operators. This yields optimal ranges of exponents p for boundedness; 
the weighted norm extension for this application is the purpose of |AM8j . However, 
we observe that the — L'^ full off-diagonal estimates when p < q used by Blunck and 
Kunstmann, even if they are stable under composition (which is a natural property 
when working with semigroups), is somewhat irrealistic in general situations for at 
least three reasons: they implies global — L'^ boundedness of T^, they do not imply 
l^p _ i^p boundedness of Tj , and they do not pass to weighted estimates. So the notion 
of — off-diagonal estimates, generalizing ()1.3|) . on a space of homogeneous type 
for one-parameter families of operators needs a definition. 

Such a definition should only involve balls and annuli and make clear that they are 
two parameters involved, the radius of balls and the parameter of the family, linked 
by a scaling rule independently on the location of the balls. Some examples suggest 
possible definitions (called here strong or mild off-diagonal estimates) but they are 
no longer stable under composition in a general context. Hence, the price to pay 
for stability is a somewhat weak definition (in the sense that we can not be greedy 
in our demands). Nevertheless, it covers examples of the literature on semigroups. 
Furthermore, in spaces of homogeneous type with polynomial volume growth (that is, 
the measure of a ball is comparable to a power of its radius, uniformly over centers 
and radii) it coincides with all other definitions. This is also the case for more general 
volume growth conditions, such as the one for some Lie groups with a local dimension 
and a dimension at infinity. Eventually, it is operational for proving weighted estimates 
m |XM3] . which was the main motivation for developing this material. Since it is 
of independent interest, we present it here in a separate article, which can be read 
independently of the other papers of our series. 

In Section |21 we introduce our definition of — L'^ off-diagonal estimates on balls 
for one-parameter (such as time) families of operators and state the main properties: 
for p = 1, g = cxD, it is equivalent to the Gaussian upper bound for the associated 
kernels, and for arbitrary p, it implies W boundedness of each operator, is stable 
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under composition, and passes to the weighted case (proofs are given later in Sec- 
tion IHl). As mentioned, we discuss in Section El other "expected" stronger definitions 
for off-diagonal estimates. The proof that all our definitions coincide in spaces with 
polynomial volume growth is in Section IHl We then present in Section 0] the applica- 
tion to semigroups: we establish a correspondence between the interval of exponents p 
for L^-boundedness of Tj and the set of exponents {p, q) for which — L'^ off-diagonal 
estimates on balls hold when the latter set is not empty. This correspondence re- 
mains true for sectorial analytic extension of semigroups with independence of angles. 
Eventually, we show how unweighted off-diagonal estimates imply weighted ones for 
appropriate weights. In Sectional we apply all this and describe unweighted and 
weighted off-diagonal estimates on balls of semigroups {e^*^}j>o and their gradient 
t>o for a class of elliptic operators L in R"-. 



2. Off-diagonal estimates on balls 

2.1. Setting and notation. Let {X,d,^) be a space of homogeneous type, which is 
a (non empty) set X endowed with a distance d (it could even be a quasi- distance but 
we restrict to this situation for simplicity) and a non-negative Borel measure fi on X 
such that the doubling condition 

/i(5(x, 2 r)) < Co fx{B{x, r)) < oo, (2.1) 

holds for all X E X and r > 0, where B{x, r) = {y E X : d{x, y) < r}. 

Throughout this paper we use the following notation: for every ball B, xb and tb 
are respectively its center and its radius, that is, B = B^xb^^b)- Given A > 0, we 
will write A B for the A-dilated ball, which is the ball with the same center as B and 
with radius txb = Ar^. 

If Co is the smallest constant for which the measure /i verifies the doubling condition 
()2.H) . then D = log2 Co is called the doubling order of /x and we have that ji{\B) < 
C^ fi{B), for every ball B and for every A > 1. 

Given a ball B we set Cj{B) = 2^+^ B \ 2^ B for j > 2; Ci{B) = 4fi and also 
di{B) = 45 \ 2 5. We set 

hdu = [ hdu, -f hdu=— — — - / hdu, 

B kB) Jb Jb- K^B) Jbc 

and for j > 1 



hdfi= / h dfi. 

C,{B) ll{23+^B) Jc^(^B) 

The last notation can be seen as the average on 2^^^B of Xc-{b) ^' where we denote 
by Xe indicator function of a set E. It is not necessarily the case that 2^^^ B and 
Cj{B) have comparable masses with constant independent of B and j (for example, 
when Cj{B) = 0) so it is safer to divide out by the mass of the larger set (which is 
never unless = 0) and fortunately, this is the quantity arising in computations. 
Although this is not needed in this work, let us mention a reasonable sufficient con- 
dition insuring this comparability (see |AMlj for a proof): Assume that there exists 
e e (0, 1) such that for any ball B C X, {2-e) B\B ^ 0. Then, /i(2 B) <fi{2B\ B) 
for any ball 5, where the implicit constants are independent of B. 
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For shortness we write T(s) = max{s, s^^} for s > 0. We use the symbol A < B 
for A < CB for some constant C whose value is not important and independent of 
the parameters at stake. 

2.2. Definition and comments. 

Definition 2.1. Given I < p < q < oo, we say that a family {Tt}t>o of suhlinear 
operators satisfies L^ifJ^) — L'^{^) off-diagonal estimates on halls, which by an abuse of 
notation will be denoted Tt E 0{^U'{ij) — if there exist 61,62 > and c > 

such that for every t > and for any ball B, setting r = tb, 

(£m(x^/)rrf/.)'<T(^y' [£\f\^d^,y■, (2.2) 

and, for all j > 2, 
and 

Comments. 

1. When q = 00 one has to change the L'^-norms by the corresponding essential 
suprema. 

2. Tt may only be defined on a subspace of Lp{^) provided this subspace is stable 
under truncation by indicator functions of measurable sets (balls would suffice 
for the definition but measurable sets is needed for interpolation). In this case, 
it is understood that the definition applies to functions / in this subspace. 

3. Even though our definition makes sense when p > g > 1, we restrict ourselves 
to p < g to stress the regularizing effect in the scale of Lebesgue spaces. 

4. H51der's inequality implies (/i) - C O [L^^ (fi) - L'^' (fi)) for all pi, qi 
with p < pi < qi < q. 

5. Tt e 0{U\fi)-L''{fi)) with p < q does not imply that Tt is bounded from L^{fi) 
into L'^ifi). 

6. If Tt is linear and defined on a dense subspace of L^^fi), then Tt G 0[LP{fi) — 
Li{^)) if and only if T; G 0{Li'{ij,) - L^' (jj,)) where T; is the dual operator for 
the duality form fg dfi. 

7. Given two Banach spaces Bi and B2, this definition, with the corresponding 
changes, is also valid for operators taking i?i-valued functions into -B2-valued 
functions. 

8. The chosen "time-space" scaling ^ is irrelevant. It can be changed at will to 
^ for any 7 > simply by changing Tt to Tt2i. This scaling corresponds to 
semigroups of second order operators, which is our main application in |AM3j . 
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9. The profile s ^ e~'^* can be replaced by any non increasing g : IR+ such 
that for all ^ > 0, we have g{s) — > as s — oo. For example g{s) = e~'^^" with 
c, a > is acceptable. The value of c has no interest to us provided it remains 
non negative. Thus, we will freely use the same c from line to line. Profiles with 
sufficiently large polynomial decay (1 + s)~^ works as well, but p would have to 
be adjusted to each application. 

10. For s < 1, T(s)^^ e^'^*^ is comparable to s~^^. Since s is to be replaced by 

it is curious at first sight that we allow such negative powers; imposing 
positive powers for small s seems more natural. We were forced into negative 
powers to obtain stability under composition. See Lemma 16.31 below for the 
technical reason. Fortunately, this apparently weak behavior is sufficient for our 
applications in |AM8j . 

11. One can replace 6i by + a for any a > and the same happens with 
62- In fact, making 62 > Oi, one obtains an equivalent definition by replac- 

ing 2^^^T i-^j e * by an expression of the form Tf^j e t (up 

to changing the c's). We stick to the first formulation for simplicity in some 
calculations but this is a first indication that the value of the exponent 61 is 
irrelevant. 

12. Definition 12. II is given in terms of dyadic annuli but an equivalent definition can 
be written in terms of a-adic annuli for all a > 1. See the proof of Lemma 16.51 
for a possible argument. 

2.3. The case p = 1 and q = 00. We first state that the definition for p = 1 and 
q = 00 coincides with the usual pointwise Gaussian decay of the introduction. 

Proposition 2.2. Assume that the operators Tt, t > 0, are linear. Then Tt G 
0(L-^(yu) — L°°{fi)) if and only if there exist constants C,c> and for each t > 0, a 
measurable function Kt on X x X such that Ttf{x) = Kt{x, y)f{y) dfi{y) holds for 
almost every x & X whenever f G L^ifJ') and for almost every {x,y) ^ X x X, 

C ccP{x,y) 

The (easy) proof in Section 16.11 shows the role of the independence of r and t in 
the condition Tt G C(L^(/i) — L°°(n)) and of the scaling rule r/\/i. It also shows 
the irrelevance of the exponents 61,62 in this case. Note that the doubling condition 
on fi implies that the Gaussian expressions in ()1.3|1 and ()2.5j) are comparable up to 
changing the constants C,c> 0. 

2.4. Uniform boundedness and stability under composition. We state here 
the most important features of this notion: Off-diagonal estimates on balls imply 
uniform boundedness and are stable under composition. 

Theorem 2.3. 

(a) IfTt G 0[LP{fi) — LP{fi)^ then Tt : L^^fi) — > LP {11) is bounded uniformly on t. 
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(6) Letl<p<q<r<oo. IfTt E 0{Li{fi) - U{fi)) and St G 0{LP{fi) - L'^{fi)) 
then Tt o St E Oi^L^^fj,) — Furthermore if 9i, O2 are the exponents ap- 

pearing in Definition \2. 1\ for Tt and 71, 72 are the ones for St, then the compo- 
sition Tt o St E — L'^ifJ.)) satisfies the corresponding inequalities with 
ai = max{9i,'ji, D /r} and 0^2 = maxj^^i, 6'2} + max{7i + D/g, 72}. ^ 

In (6), if Tt and St are defined on subspaces, this result is understood in the sense 
that one restricts to functions / for which Tto Stf is well-defined. 
The proof of this result can be found in Sections 16.21 and 16.31 

2.5. Weighted off-diagonal estimates. Weighted off-diagonal estimates on balls 
with weights in the Muckenhoupt class A^o can be obtained from the off-diagonal 
estimates on balls with respect to the underlying measure. 

We use the following notation: given a weight w we consider the measure dw = w dfi, 
so w{E) = J^dw = f^wdfi and also Uiw) = L^^wdfi). Notice that the notation for 
the averages used before depends on the measure we are using and so 

-f hdu = [ hdu, 4- hdw = — -— / hdw= — -— / hwdu, 

Jb kB) Jb Jb w{B) Jb w{B) Jb 

the same happens for "averages" on B'^ and Cj{B) as defined in Section ITTl 

Let w E (we recall some basic facts about Ap and RHg weights in Appendix 
Since {X,d,fj,) is a space of homogeneous type, the measure w is doubling and 
{X,d,w) is also a space of homogeneous type. Hence, off-diagonal estimates make 
sense in that space. 

Proposition 2.4. Let 1 < Po < ^ 00 and Tt E 0(^Lp(h) — L'^if^)) for all p, q with 
Po < P ^ Q < Qo- Then, for allp, q withpo < p < q < qo and for anyw E Ap_nRH(SQy 

we have that Tt E 0{Lp{w) - L'^iw)). 

The proof of this result can be found in Section 

3. Other types of off-diagonal estimates 

3.1. Pull off-diagonal estimates. In the case where {X, d, fi) is the usual Euclidean 
space with Lebesgue measure or more generally, a group with polynomial volume 
growth (we say that {X,d,fi) has polynomial volume growth when fi{B{x,r)) ~ 
for some n > and uniformly for all x E X and r > 0), one encounters more precise 
off-diagonal estimates. This yields a possible definition in spaces of homogeneous type. 

Definition 3.1. Let {X,d,n) be a space of homogeneous type. Let 1 < p < q < 00. 
We say that a family {Tt}t>o of sublinear operators satisfies L^lfi) — L'^{^) full off- 
diagonal estimates, in short Tt E .7-'(L^(/i) — L'^(/i)), if for some constant 9 > 0, 
with 6^0 when p < q, for all closed sets E and F, all f and all t > we have 

/ /■ \ - c(P{E,F) , r N i 

(/ iTt(x^/)rrf/i)' <rt —[ (3.1) 

J E J E 



^Whcn 61 ^ 62 and 71 + D/q ^ 72, the value oia2 is correct. Otherwise, 02 is any number strictly 
bigger than this value, see R.emark lOI below. 
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Again, the operators are defined on some subspace T> that is stable under truncation 
by indicators of measurable sets. Full off-diagonal estimates appear when dealing 
with semigroups of second order elliptic operators (see |Gaf| IDa2[ ILSV[ lAusj . . . ). 
The most studied case is when p = 1 and q = oo which means that the kernel of Tt 
has pointwise Gaussian upper bounds (see |Aro| IFS| ICout IVSC| IDa3| IRobt lAMcTl 
\AT\ IAE| IDERj . . . ). If one considers higher order operators, then t changes to some 
positive power of t and the Gaussian to other exponential like function (if t denotes 
time) (see |Da4| lATj ) . Our t here may not be the usual time scale and the Gaussian 



may be changed also. We stick to this case to keep the presentation simple. 

When X = MJ^, the usual value of 6 (given our choice of "space-time" scaling) is 
^ = i (B _ |) . See the proof of Proposition O 

Here is a list of simple and known facts whose proofs will be left to the reader. 

(a) Tt E J-'[Lp(ii) — i^^(/i)) implies Tt bounded from -L^(/i) to L'^{lj)- 

ib) If p < r < g, St e J^{LP{ij) - and Tt G J^{L''{h) - L^^i)), then o 5* G 

Let us compare this definition with the previous one. On the one hand, if g = p 
then T{LP{n) - LP{fi)) easily implies 0{LP{fi) - LP{fi)). The converse is true and 
follows from the proof of Proposition 13.21 (6), stated below. No further condition on 
the space is needed at this point. 

On the other hand, these notions cease to be comparable when p < q without further 
information on the space X. Assume that Tt E J^{LP[jji) — L^[jji)). If E = F = B is 
a ball, then 



B 



J B 



Unless there is some control from above of /u(i?) by a power of the radius of 5, we 
cannot conclude that Tt G 0{Lp{ijl) — L'^^jj)). Similarly unless there is such a control, 
one cannot conclude that Tt uniformly bounded on U'{^) for p < r < q. Eventually, 
if p < Pi < qi < q, we do not know if Tt G J-'{LP^{ji) — L'^^i^ji)). 

As LP{fi) — L'^ifi) full off-diagonal estimates when p < q imply LP{fi) — L'^{fi) 
boundedness but not -L^(/i) boundedness, this is not an encountered notion on a 
general space of homogenous type. For example, the heat semigroup e~*^ on functions 
for general Riemannian manifolds with the doubling property is not — L'^ bounded 
when p < q unless, as Proposition 13.21 will show, the measure of any ball is bounded 
below by a power of its radius. 

Here is a statement that connects both notions. The proof is postponed to Section 

EH 

Proposition 3.2. Let {X,d,fi) be a space of homogeneous type and 1 < p < q < oo. 

(a) Assume that X has volume growth at most polynomial, that is, ^{B{x,r)) < 
for some n > and uniformly for all x E X and r > 0. IfTtE J-'(^LP(fi) — L'^^jj)) 
with exponent 9 in (jSIH) equal to |(f - f ) then Tt E 0{LP{fi) - L'^ifi)) . 

(6) Assume that X has volume growth at least polynomial, that is, iJ,{B{x,r)) > r"' 
for some n > and uniformly for all x E X and r > 0. IfTtE 0(^LP{fj,) — L'^{fj,)^ 
then Tt E J^[Lp{^) - ^^(/i)) with exponent 6 m dSH equal to - |) . 
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Let us go a little further. We say that a space of homogeneous type is of v^-growth 
if fi{B{x,r)) ~ (f{r) uniformly for x G A* and r > 0, where (p is a non- decreasing 
function on (0, oo). Remark that the fact that space is of homogeneous type implies 
that (f is doubling in the sense that sup^^o ^ ^ particular important example 
is the Heisenberg group equipped with Riemannian distance and Haar measure: in 
this case, ip{r) ~ r'^ for r < 1 and (p{r) ~ for r > 1, the exponents d > and 
D > being called respectively its local dimension and its dimension at infinity. Call 
"'LP{ii) — L'^{fi) full off-diagonal estimates of type ip" the estimates of Definition 13.11 

with replaced by (/?(v^) « ^ for alH > 0. 

Proposition 3.3. Let {X,d,fi) be a space of homogeneous type of p- growth and 1 < 
p < q < oc. Then Tf G OiLPi^n) — L'^{^)) if and only ifTt satisfies L^{fi) — L'^^jj) full 
off-diagonal estimates of type p. 

In other words, the scaling contained in the off-diagonal estimates on balls plus 

the volume growth completely rule the function of \/t in the full off-diagonal estimates. 
The proof of this result is postponed to Section 16.51 

Our last remark is that full off-diagonal estimates do not pass to weighted measures 
as well: for example, in M", the power weights w{x) = for < a < n are neither 

with polynomial growth from below or above nor with y9-growth. 

3.2. Mild off-diagonal estimates on balls. As in Section 1^31 full off-diagonal es- 
timates imply some (but not full) off-diagonal weighted estimates for an appropriate 
class of weights. Assume that X = equipped with Lebesgue measure. With the 
same arguments (see Section l(i.4j) we obtain that if 1 < Po < Q'o < oo and Tj satisfies 
Wi^dx) — L'^{dx) full off-diagonal estimates ()3.H) for all p, q with Pq < p < q < q^ and 
= \ {- — -\ then, for all p, q with Po < p < q < qo and for any w G Ap_ fl RH(SO), 

z \ p q / PC 'S 

we have that 

{£xk' mfrdwy <c{t,B,B',K,K')^£xK ifi'dwy (3.2) 

where 

whenever B, B' are balls, K, K' are respective compact subsets, / bounded with sup- 
port in K, t > and are some numbers chosen with po < pi < qi < go- For 
q = 00, the left hand side of ()3.2|) is understood as the essential supremum on B'. If 
we specialize to the three cases of Definition 12.11 namely, 1) B = B' = K = K', 2) 
B = K,B' = 2^+^B,K' = Cj{B) and 3) the symmetric case of 2), we obtain (lO) . 
()2.3|) . ()2.4|) with 6i = n/qi and 02 = n/pi — n/qi > and T(s) is replaced by s. 
This leads us to another definition of off-diagonal estimates in a general context. 

Definition 3.4. Let {X,d,fi) be a space of homogeneous type. Let 1 < p < q < oo. 
We say that a family {Tf}t>o of sublinear operators satisfies L^lfi) — L'^{fi) mild off- 
diagonal estimates on balls if there exist real numbers 61,62 > 0, c > with 
62 > when p < q such that ()2.2|) . ()2.3p and ()2.4|) hold with s replacing T(s). 

^We think that the discussion can be extended somehow to spaces with exponential growth, but 
this is beyond the scope of the present article. 
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Remark 3.5. In replacing T(s) by s then one cannot enlarge 62 at will as in the 
definition of off-diagonal estimates on balls. Hence, the restriction that 62 should be 
non negative when p < q seems meaningful. 

This is clearly stronger than Definition 12.11 since we impose the power of s to be 
positive even for small s (see comment 10 after Definition \2.1\i . However, stability 
under composition is unclear. If St satisfies L^ifi) —L'^{^) mild off-diagonal estimates 
on balls and Tj satisfies L'^ifi) — L^{fi) mild off-diagonal estimates on balls, then we do 
not know whether Tf o St satisfies — L'^{fi) mild off-diagonal estimates on balls. 

Of course, TfO St E O^L^^fi) — L^ifJ^)) (hence, under y9-growth there is stability) 

We may have lost too much information in passing from full off-diagonal estimates 
to mild off-diagonal estimates on balls, hence the lack of stability. In particular, we 
restricted attention to balls while the closed sets E and F in (13.111 could be unbounded. 

3.3. Strong off-diagonal estimates on balls. The following result will suggest an 
even stronger definition. 

Proposition 3.6. Assume that {X, d, fi) is the usual Euclidean space M" with Lebesgue 
measure. Fix 1 < Po < 0*0 ^ 00. Assume that {Tt}t>o satisfies U'{dx) — L'^{dx) full 
off-diagonal estimates for all q with Po < p < q < qo and 9 = ^{^ — ^) ■ Fi^ P, Q 
with pq < p < q < qo and assume that w G A^ fl RH,wy. Let B be a ball and set 
r = rs- Then for all f , 

and 

(£ir,(x,.,, <(^)V^(^^^^j/rd.)' (3.4) 

with /5, 7 > and non zero when p < q. 

The proof of this result is postponed until Section 16.61 

Definition 3.7. Let {X,d,n) be a space of homogeneous type. Let I < p < q < 00. 

We say that a family {Tt}t>o of sublinear operators satisfies Lp{^) — L'^{fi) strong 
off-diagonal estimates on balls if there exist real numbers a > with a > when 
p < q and c > such that for any ball B and any t > 0, setting r = rs, and any f in 
an appropriate space T), 

It is clear that strong off-diagonal estimates on balls imply mild off-diagonal esti- 
mates on balls: for instance, to get the analog of ()2.3|1 . we write B = 2^~^ B and 
note that Cj{B) C {2 By. So we apply ()3.7|1 with B and then we obtain ()2.3|1 with s 
replacing T{s), 62 = a and 61 = D/q. The same can be done in the other cases. 
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It is also interesting to compare the last two inequalities of this definition with the 
ones in Lemma ffj. 61 again T(s) is replaced by s. We also stress that such a definition 
implies the partial L^^fi) — L'^{fi) boundedness inequalities 

and 

Had we put an estimate from B'^ to B'^ similar to ()3.5|) then we would derive global 
LP(yu) — L'^ifi) boundedness, which is not realistic when p < g in a non polynomial 
growth situation. 

For this reason precisely, strong off-diagonal estimates do not compose well. The 
best we can say (even if we allow the exponent a to take different values in 
(jH.fjj) . ()H.7j) ) is: If St satisfies L^^fi) — L'^{fJ.) strong off-diagonal estimates on balls 
and Tf satisfies L'^{^) — L^{f^) strong off-diagonal estimates on balls then Tt o St 
satisfies — L^ifJ') mild off-diagonal estimates on balls (this can be obtained 

easily following the proof of (b) in Theorem 12.31 and using the definition of the strong 
off-diagonal estimates on balls in place of Lemma l6.6|) . Again, assuming (/^-growth, 
there is stability under composition, passing via full off-diagonal estimates. 

In conclusion, using only balls, complements of balls and annuli for defining off- 
diagonal estimates (instead of closed sets) forces us into an apparently weak definition 
to have stability under composition. But under a polynomial (or ip-) growth, all these 
notions are the same. 

4. Propagation and semigroups 

We are interested in values of p, q for which — L'^ off-diagonal estimates on balls 
hold, especially when there is a regularizing effect, that is, when p < q. 

4.1. Propagation property. Let T = {Tt}t>o be a family of sublinear operators 
defined on a space V contained in all Lp{ii) that is stable under truncation by indicator 
functions of measurable sets. 

Let i7(T) be the interval of all exponents p G [l,oo] such that Tt is bounded 
uniformly with respect t on U'{^). 

We introduce the set 

0{T) = {{p, q) e [1, ^f-p< q, Tt G 0(L^(^) - L^(^))}. 

If we set C{T) = {(^,^) ; {p,q) G 0(T)}, then by interpolation, it is a convex set 
contained in {{u,v) G [0, 1]^ ; u> v}. 

The relation between 0{T) and J{T) is the following. If (p, q) G 0{T) then the 
interval [p, g] is contained in J{T). This fact is a consequence of Theorem 12.31 part 
(a). 

Also, if 0{T) 7^ 0, then for p G IntJ'(T),''' there exists q = q{p) > p such that 
Tt G 0{^L^[ii) — L'^{fi)y In other words, L^^fi) boundedness improves into some 

^If E is a subset of [1,cxd] with lower and upper bound p,q then we set Inti? = {p,q) = {t S 
R; p <t < q}, which is the interior of n M in M. 
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off-diagonal estimates on balls with increase of exponent or, differently, off-diagonal 
estimates on balls for one pair {p, q) propagate to pairs (p, q{p)) for all p G Int J{T)} 
Indeed, let p G Int J7'(T). Let (g, r) G 0{T). If p = g we have finished. Otherwise, 
we have that p,q & <J{T)) ^ind since p is in the interior, there exists p G J{T) such 
that p lies in the open interval between p and q. The L^{fi) boundedness implies 
that Tf satisfies ((231) and ((231) with q = p = p, Oi = D/p, 02 = and 

c = 0. We interpolate (by the real method since we allow sublinear operators) these 
estimates with the ones coming from L'^{fi) — L^{p-) off-diagonal estimates on balls. 
Thus {qe,re) G C(r) where 1/qe = 9/p+{l-9)/q, 1/re = 9/p+{l-9)/r and ^ G (0, 1). 
Choosing 9 such that qe = p proves that (p, q{p)) G 0{T) with q{p) = rg > p. 

In general, C(T) has no further structure. For example on M" equipped with 
Lebesgue measure, let Tt be the operator of convolution with )f:~"'/^0(x/ \/t) with t > 0, 
positive, supported in the unit ball and G if and only if 1 < s < p for some 
p G (l,oo). From Young's inequality, it is easy to determine C(T) as the region in 
[0, 1]^ below the diagonal v = u (excluded) and above the line v = u — l/p' (included) 
and also to find that J^{T) = [l,oo]. In particular, there is no interval / in [l,oo] 
such that for all p, q with p < q, p,q E I is equivalent to Tt G 0{L^{jj) — L'^{fi)), in 
such a case C(T) (and 0{T)) would be a triangle. 

4.2. Application to semigroups. Let B be a Banach space of measurable functions 
stable under truncations with indicator functions of measurable sets and containing 
all simple functions. In this way, B fl L^du,) is dense in U'{p) for all 1 < p < oo. 

Let {Tt}t>o be a semigroup of bounded linear operators on B, that is, we assume 
for t, s > that 

TtEC{^- TsoTt = Ts+t. 

Here and in what follows C{X) denotes the set of bounded linear operators on a 
Banach space X. 

Proposition 4.1. Set T = {Tt}t>o- Assume there exist p, q with 1 < p < q < oo such 
that Tt G 0[Lp{/j) — L^(/i)).^ Then, there exists a unique subset of [l,oo], which we 
denote by J{T), such that the following holds: 

Vp,gG[l,oo], p<q {Tt e 0{L^{p) - L''{p)) ^ p,q e J{T) ). (4.1) 
This set is an interval, contains [p,q], <J{T) C J{T) and \niJ{T) = Int J7'(T). 

Remark 4.2. This propagation property is reminiscent of the extrapolation for U'—L'^ 
boundedness developed for semigroups in |(yOuj . 

With the notation of the previous section, 1)4.111 reformulates into 

Vp,gG [l,oo], p<q ( {p^q) e 0{T) ^ p,q e J{T) ), 

which means that 0{T) is a triangle. 

Proof. Note that if E., F are two subsets such that (jl.lj) holds for E and F then, 
clearly, E = F and so the uniqueness follows. Let us now construct such a set. 

*Here, we see p as the exponent in the source space. It could also be taken as the exponent of the 
target space: for q £ Int J'(T), there exists p ~ p{q) < q such that Tj S 0{L'p{ii) — L'^{ii)). 
'^li is understood that the functions to be considered are in i^(/x) fl B. 
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Fix p < r < q. Let J-{T) be the set of all p G [l,r] such that {p,f) G 0{T). By- 
one of the remarks after Definition 12. this set is an interval with upper bound f and 
it contains [p, f]. Similarly, the set Jj^iT) of all p G [r, oo] such that {r,p) G 0{T), is 
an interval containing [f, q\. Set J{T) = J^{T) U Jj^{T\ This is clearly an interval 
and it contains [p, g] . 

Let us see that p,q E J{T) with p < q imply Tt G O^L^^fi) — L'^{fi)). Indeed, if 
p < q < r or r < p < q, then Tt G 0{LP{fi) - Li{fi)) using one of the remarks after 
Definition EH hence {p,q) G 0(r). U p < r < q, then Tt G 0{LP{fi) - L'{fi)) and 
Tt G - L'^ifi)) hence by the semigroup property and Theorem \2.l^ part (6), 

2^2t £ 0{LP{jjL) — L'^^jj,)). But we may change 2t to t and we have (p, g) G 0{T). 

We prove the converse: let 1 < p < g < cxd with Tt G 0[LP{ji) — L'^(fi)) and let us 
show that p, g G J{T)- 

Case g < f: We have Tt G 0{LP{fx) - L^fx)) and G 0{L^{fx) - U{ii)). Hence, 
by interpolation, Tt G 0{LP^{fi) - Li^{fi)) where l/pe = 6^/^ + (1 - 9)/r, 1/qe = 
9/q + (1 — 9)/f and 9 G (0,1). If p < inf J7'_(T) then we can choose 9 such that 
pe < inf J-{T) < qg. Since J~{T) is an interval, qe G J-{T)^ that is, Tt G O [L'"' (jj,) — 
By Theorem 12 .31 part (6), and the semigroup property. Tat e 0{LPo{fi) - 
U^lij). Changing 2t to t proves that pg G J^(T\ which is a contradiction. We have 
therefore shown that p > inf J'_(T). If p > inf J_{T), then p G J-{T) as p < r and 
J_{T) is an interval. If p = inf J^_(r), then g G J^IT), hence Tt G C(L5(/i) -L^'(/i)) . 
As Tt G 0[LP{fi)—L''{fj,)^ by assumption, we have again Tat G 0(TP(/i)—T'"(/i)) , hence 
p ^ J- (T) . We have shown in this case that both p and g belong to J71 (T) C J7'(T) . 

Case p > r: This case is similar to the previous one by changing infiy_(T) to 
sup J7+(T) (where the supremum is oo if J+{T) is unlimited) and arguing on g in 
place of p. 

Case p < r < q: By one of the remarks after Definition 12.11 we have that Tt G 
0{LP{fi) - U\fi)) and Tt G 0{L%fi) - Li{fi)). Hence, by definition, p G J-{T) and 

Let us finish the proof by comparing the interiors of J{T) and J{T). By Theorem 
12.31 J{T) C J{T), and the inclusion passes to interiors. Since p, g G J{T), 0{T) ^ 
0. We showed in the previous section that then for each p G Int J{T) ,TtEO {Lp{ii) — 

Li{fi)) for some g = q{p) > p. In particular, p G <J{T) by ()4.1|1 . Thus, Int J7'(T) C 
IntJ(r). □ 

The following result shows that off-diagonal estimates on balls for a semigroup 
propagate to a sectorial analytic extension with optimal angle of sectors provided 
there is one pair (pojPo) for which one has off-diagonal estimates of balls for the 
analytic extension. 

We consider {Tz}zi^t.^ an analytic semigroup of bounded linear operators on B with 
angle 'd < 7r/2, that is, we assume for 2;, G = {C G C \ {0} ; | argC| < 

Tj G C{W)] Tz o Tz' = Tz+z'', z E T,^ 1 — > Tz G £(B) is analytic. 
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We say that {T^j^gs^ G Oi^Wi^ji) — L'^{^)) whenever it satisfies the estimates in 
Definition 12.11 with \z\ in place of t. By density, this imphes in particular that the 
semigroup has an analytic extension from into C{L^{fi)) for p < r < q. 

Recall that J{T) denotes the maximal interval of those p G [1, C)o] for which Tj is 
bounded on L^lfi) uniformly in t > 0. 

Theorem 4.3. Let l<p<po<q<oo and t^i with < < i). Assume that 
{Tt}t>o G 0{LP{fi) - L'^ifi)) and that {T,},^j,^ G - Then for any 

meN, {^™f^},gs^^ G 0{LP{fi) - L^(/i)). 

Proof. Assume first m = 0. Any z G has a decomposition z = s + w + t where 
w G S^, s,t > and \z\ ~ |t(7| ~ s ~ t, the constants of comparability depending 
only on {}, Hence, we can write = Tg o o Tt and use Tt G C(LP(/i) — L^^^fi)) , 
G 0{LP<^>{fi) - LP°{fi)) and T, G 0{LP''{fi) - together with part (6) in 

Theorem 12.31 

For m > 0, we use a third angle with -i^i < -(92 < 'i?- We just showed that 
{Tz}z£T;^^ £ 0{Lp(h) — Uiyjj)). To conclude we only have to use Cauchy formulae 
on circular on circular contours we can compute for z G from with 

C e ' □ 

Note that the assumption on the analytic semigroup is (9(L^°(yu) — for 
the same exponent po at both places. In applications, po = 2 arises often (see the 
introduction) but with a weight this exponent is no longer natural. 

So far, we were only concerned about the action of the semigroup operator Tt on 
LP{fi) and its off-diagonal estimates. Recall that JiT^ is the interval of exponents 
p such that it has an extension to a bounded semigroup to LP{fi). To define an 
infinitesimal generator, it suffices that (the extension to LP{fi) of) the semigroup is 
continuous at for the strong topology in C{LP{fi)). As usual, we remove p = oo from 
the discussion. However, the off-diagonal estimates play a crucial role. 

Proposition 4.4. Assume that Proposition \4 1\ applies and that there is some r G 
J{T), r 7^ oo, such thatTt is strongly continuous on L'^in). Then, Tt is strongly con- 
tinuous on LP{fi) for all p G J7'(T) with p ^ oo. In particular, it has an infinitesimal 
generator on those Lp{^). 

Proof. If p G J{T^) with p < r, for / any simple function supported in a ball B we 
deduce that 

f - r - 

- ^i"^-")' ^ ( /^^ 1^*^ - /r rf/i)' ^ 

as t — 0. Next, the off-diagonal estimates on balls imply that 

(/ \Ttf-f\^df,)' = ([ \Ttfrdf,)'^0 

as t 0, using the support of / and Lemma 16.61 below. Then a density argument 
shows the strong continuity in L^(/i). 

If p G J{T), r < p < oo, then the above applies to the dual semigroup and we can 
use the well-known fact that on a reflexive space, the dual semigroup of a strongly 
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continuous bounded semigroup is also strongly continuous (see, e.g. |DaH Chapter 
!])• □ 

Let us turn to weighted off-diagonal estimates. Assume that T is a semigroup as 
in Proposition 14.11 Let w G A^q. As {X, d, w) is a space of homogeneous type, we can 
apply Proposition 14.11 provided we have some off-diagonal estimates to start with. In 
this case, we can define an interval J7^(T) characterized as the unique set ii^ in [1, oo] 
for which whenever 1 < p < q < oo the property Tt G 0(^L^{w) —L'^{w)) is equivalent 

to p, g G E. Also, JwiX) is the interval of those p G [1, oo] for which is bounded 
uniformly in t on 

Given 1 < Po < 9o ^ oo we define the set 

Wu,(po,go) = [p ■■ Pq <p < qQ,w e n RH^^y]. 

Corollary 4.5. Let I < Pq < < oo he such that {po, go) C J^(T) and assume that 
W^(po, go) 7^ 0- Then, Wy,{po,qo) C Jw{T) C Jw{T) and, consequently, Int Jy,{T) = 
Int j7u,(T). //, furthermore, T is strongly continuous on L^{fi) for some r G {poyQo), 
then T has an infinitesimal generator in Lp{w) for all p G Jw{T), P 7^ oo. 

Proof. The first statement is a consequence of Proposition l2.4l and the second of Propo- 
sition l^Tl in this context together with the fact shown in |AMlj that if W«,(po; %) 7^ 
then it is an open interval. Concerning the last statement, by Proposition l4.4l it suffices 
to check that T is strongly continuous on Lp{w) for one p G J^iT). 

Choose p G y\^w{pQAo)- Then there exists pi with po < P < Pi < ?o and w G 
RH^piy. Hence, 



U 9' dwf < U g^^ df. 



for any ball B and positive measurable function g. If we apply this to g = \Ttf — f\ 
for / any simple function supported in a ball B (the hypothesis contains the fact that 
Tt is defined on and let t — > 0, we deduce that 

(/ \Tj-frdwy<([ iTj-frdfiV'^o, 

where we have used that Tt is strongly continuous on L^^{fi) by Proposition ^31 Next, 
the off-diagonal estimates on balls for dw imply that 

(/ iTtf-fl^dwY = ( [ iTtfrdwY-^O, t^O, 

using the support of / and Lemma 16.61 below. Then a density argument shows the 
strong continuity in L^iw). □ 

Remark 4.6. Note that to define Jw{T), we only need the existence of some pair 
(p, q) with p < q such that Tt G 0(L^(w) — L''(w)). Our statement here is a concrete 
realization of this assumption. 

5. A CASE STUDY 

We work in the Euclidean space with the Lebesgue measure. Let A = A{x) be an 
n X n matrix of complex and L°°-valued coefficients defined on M". We assume that 
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this matrix satisfies the following ellipticity (or "accretivity" ) condition: there exist 
< A < A < oo such that 

A|eP<ReA(x)e-e and |A(x)e-C| < AiellCI, 

for all G C" and almost every x G M". We have used the notation ^ ■ ( = 
^1 Ci + ■ ■ ■ + Cn and therefore ^ ■ C is the usual inner product in C"'. Note that then 
^ ■ C = k ^j,k{x) Cj- Associated with this matrix we define the second order 
divergence form operator 

L/ = -div(AV/), 

which is understood in the standard weak sense by means of a sesquilinear form. 

The operator —L generates a C°-semigroup {e~*^}i>o of contractions on L^. We 
wish to study weighted off-diagonal estimates for {e~*^}t>o and {v^ Ve~*-^}j>o. Be- 
fore we do so, we recall what is known on unweighted off-diagonal estimates and give 
some complements. 

Remark 5.1. Let us emphasize that on M", full off-diagonal estimates are equivalent 
to off-diagonal estimates on balls in the unweighted situation by Proposition EUl This 
implies in particular that if e~*^ G J-'^L^ — L'^) for some 1 < p < g < oo then (passing 
to off-diagonal on balls and then going back to full off-diagonal estimates) it follows 
that e~*-^ G J-'^L^^ — L''^) for all p < Pi < qi < q. We will use this fact later. 

5.1. The intervals J^{L) and /C(L). Define J7'(L) (we change slightly the previous 
notation to emphasize the dependence on L) as the interval of those exponents p G 
[1, oo] such that {e~^^}t>o is bounded in C{Lp). 

An almost complete study of — L'^ full off-diagonal estimates with p < q for 
the semigroup has been done in |Ausj (and the exponent 9 of the definition must be 
l(f ~ g))' According to Proposition 14. II and Proposition 13.21 we have the following 
result. 

Proposition 5.2. There exists a unique subset o/[l,oo], denoted by J{L), which is 
a non empty interval, such that 

Vp,gG [l,oo], p<g ( e"*^ G - L") ^ p, g G jr(L) ) . (5.1) 

Furthermore, J{L) C J{L) andlntJ{L) = Int J(L). 

See Section ^3 for the meaning of "interior." Write P-{L) and p+{L) as the lower 
and upper bounds in [1, oo] of J{L). According to the results proved or cited in |Ausj . 

J{L) = J {L) = [I, ool ifn=l,2, 

, . 2n 2n 

P-{L) < — ^ and p+{L) > -, if > 3. 

n -\- 2 n — 2 

Note that in dimensions n > 3, it is not clear what happens at the endpoints for either 

boundedness or off-diagonal estimates: can one have boundedness and no off-diagonal 

estimates? Is J{L) open in [l,oo]? 

Let us turn to the gradient of the semigroup. Define 1C{L) as the interval of those 
exponents p G [1, oo] such that Ve~*^}t>o is bounded in C{L^). This set has been 
studied in |Ausj . It is an interval in [1, oo]. If q-{L) and q+{L) denote respectively its 
lower and upper bounds, then it is shown that q-{L) = p^{L) and p+{L) > (g+(L))* 
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where, given g, its Sobolev exponent q* is defined as g* = nqjin — q) \i q < n and 
g* = oo otherwise. Also, we always have q+{L) > 2 with q+{L) = oo if n = 1. 

This was proved with the help of full off-diagonal estimates. Define IC-{L) as 
the set of all p G [1,2] such that {VtVe"*-^} t>o satisfies — full off-diagonal 
estimates and /C+(L) be the set of all p G [2, oo] such that {VtVe~^^}t>o satisfies 
— LP full off-diagonal estimates. Set }C{L) = /C_(L) U /C+(L). This is an interval 
by interpolation since 2 G IC{L) and it is shown in |Ausj that Int/C(L) = Int/C(L). If 
n = 1, /C(L) = [1, oo] (see |AMcTp . 

We wish to give some further observations, not noticed in |Ausj . especially concern- 
ing the endpoints of /C(L). 

Lemma 5.3. Let 1 < p < 2. The following assertions are equivalent: 
(a) e-*^ G J^(LP-L2). 

(6) VtVe-'^ G J^{LP-L^). 
(c) tLe-*^ G J^{LP-L'^). 

Proof. To prove that (a) implies (6), we observe that a/^ Ve~*^ G — L^) because 

2 G /C(L). Hence by composing with (a) and using the semigroup property, we obtain 
(6). 

Similarly, Vte'^^divA G ^"(^2 - L^) because of duality and 2 G /C(L*), and the 
fact that multiplication by ^(x) is bounded on L^. Hence, from (6), it follows that 
y/ie~^^ divAo v^Ve~*^ G T[L'p -L"^). This operator is nothing but -tLe"^*^ and 
this proves (c). 

Let us assume (c). Pick i?,/^ two closed sets, / G fl with support in E and 
L^'-norm 1 and g E L"^ with support in F and L^-norm 1. Setting h{t) = {e~^^f,g), 

it suffices to prove \h{t)\ < t e t with ^ = 2 (p ~ f )• Observe that our 
assumption says that th'{t) has such a bound. 

First, lim^^oo h{t) = 0: this is a consequence of the bounded holomorphic functional 
calculus for L on L^ since z 1— *■ e~*^ converges to uniformly on compact subsets of 
Rez > 0. Hence, we can write h(t) = — J^^ h'{s) ds. Plugging the bound for sh'{s) 
into this integral yields \h{t)\ < t^^. This bound suffices when (P{E,F) < t. 

The second case is when < t < d'^{E,F). In particular E and F are disjoint. 
Then, one has lims_,o ^(s) = {f,g) = 0. As h(t) = j^h'{s)ds, the bound for sh'{s) 

cd?{E,F) 

easily yields I I < t^^e t . □ 

Lemma 5.4. Assume n>2. Let 1 <p < q with q* < 00. If \ft\Je^^^ G J^{Lp -L'^), 
then e"*^ e J^{Lp - L'^*) . 

Proof. By Proposition 13. 2[ it suffices to show that e^^^ G 0(^Lp — L'^*). To this end, 
we shall need the following form of Sobolev's inequality. 

Lemma 5.5. Let 1 < q < n. If g e L\W) with Vg G L«(M") then g G and 
there is a constant C > such that for any hall B, 



( [ \gfdx)'* <c( [ \Wg\''dx 
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The first part of tlie lemma is non classical but easy: let y^j be a smooth mollifying 
sequence and set gj = * g. Then gj G n L°°(R") and Vgj = Vg* G ^^(M"), 
so that in particular gj G W^''^{W^). Thus Sobolev's inequality on M" applies to each 
gj and yields 

(/ \g,fdxY<c(! iVg.l'dxY <C( [ {Vgl" dxY M^. 

Of course, C is independent of j. The conclusion that g G L''*(M") follows by applying 
Fatou's lemma to a subsequence. 

We next show the desired Sobolev estimate. It suffices to obtain the desired in- 
equality for B being the unit ball, the general case follows by a change of variable 
with no change on the constant. Besides, it is enough to assume that g G Co(M"') by 
density in W^'^{W^^. Then for any x ^ one has g{x) = — ±djg{x±tej) dt where 
Cj is any vector of the canonical basis and the choice of signs depends on the location 
of x: positive signs when Xj > and negative signs when Xj < 0. With this choice of 
signs, note that if x ^ 5 we have for all t > 0, |x ± t ej| > |x| > 1 and so x ± t Cj ^ B. 
Hence, for all j = 1, . . . , n, \g{x)\ < |V(7(x + tej) \ Xr"\_b(^ + ^^j) dt. From there, 
one can follow the standard argument first with q = 1 and then with other values of 



q (see, e.g. |Brej ) . 

We come back to Lemma f5.4[ beginning with the proof of ()2.4|1 with respect to dx. 
Let 5 be a ball, r its radius and / G C^(M") with support in B. Let j > 2. Observe 
that g = e~*^/ satisfy the hypotheses of Lemma Indeed, the full off-diagonal 
estimates on and the support of / imply that J^^ |(yf(x)p e'^'^"^'^' dx < oo for 
some c > where xb is the center of B. Hence g G L^(M") from Cauchy-Schwarz 
inequality. Furthermore, \/g G L''(M") by our assumption. Thus, by Lemma f5. 51 and 
since ViVe'^^ E J^{Lp - L") we have 



7\ ^ Ci (B) 



< ^r2(p-i)-2 e t ( \f\Pdx 
i>j ^ 

< 2-^^5^2-'(^-^) (^-^j e ^[j^\f\Pdxy 

Hence we obtain (jO)) for e"*^ G - with 0^ = and ^2 = ^ - ^• 

The proof of (j221) for e"*^ G - U') is similar using Sobolev's inequality on 

R" only since we do not need a Gaussian term and we obtain the same values for 9i, 

02. 

It remains to see ()2.3|) for e^^^ G Oi^L'^ — L"^*)- Let i? be a ball, r its radius, j > 2 
and / G C^{W) with supp / C Cj{B). Since Cj{B) = 2^+^ B \ 2^ B, we can cover 
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Cj{B) by a finite number of balls Bj^k with radii | 2^ r with centers at distance | 2^ r 
from the center of B and the number of balls is a dimensional constant independent 
of J and B. It is enough to assume that / is also supported in one Bj^k- Then observe 
that B is contained in R" \ 2Bj^k, hence the preceding argument changing B to Bj^k 
yields ()2.3p with 6i and 62 as above . Details are left to the reader. 

In this way we have shown that e~*^ G 0(^Lp — L'^*) and by Remark 15.11 this 
completes the proof. □ 

Proposition 5.6. Assume n > 2. We have K,{L) C J{L) and K,{L) is characterized 
by 

y p,qe [1, 00], p<q {ViVe-'^ eJ^iLP-L") ^p,qelC{L)). (5.2) 

In [AuSj, it is only shown that Int/C(L) C J^{L) and the characterization is not 
considered. 



Proof. From Lemma lOl /C_(L) = J{L) f] [1,2]. Fromp+(L) > > we 

have /C+(L) C J{L). It follows that /C(L) C J{L). 

Let us see fl5.2j) . Assume that p,q & ^{L) with p < q. lfp<q<2oT2<p<q, 
then Ve~*^ e JF^L^ — L'^) as a consequence of p, g G KL^{L) or p,q E }C^{L) using 
the equivalence between full off-diagonal estimates and off-diagonal estimates on balls 
(see RemarkEH). If p < 2 < g, then v^Ve-*^ G T{L'^-Li) and e"*^ G T{LP-L'^) 
by Lemma 15.31 Hence, by composition and the semigroup property, i/tVe"*^ G 
J^{LP -L'i). 

We turn to the converse. Let 1 < p < g < 00 with \/t Ve^*^ G !F{L'^ — L"?) and let 
us show that p, g G /C(L). 

Case 2 < p < g: We have ^/t Ve"*^ G - L^) and VtVe"*^ G - L^). 

Hence, by interpolation, x/tVe"*-^ G J^(LP'' - L«») where = {l-e)/p + 6/2, 
l/qg = (1 - ^)/g + e/2 and ^ G (0, 1). If J9 ^ /C+(L) then g > sup/C+(L). We can 
choose 6 such that < sup/C+(L) < g^. Since /C+(L) C J{L), one has G J{L), 
that is, e~*^ G — L*'®). By composition and the semigroup property, ^/t Ve^*^ G 

J^(L2-L'?«), hence g^ G /C+(L). This is a contradiction. We have therefore shown that 
p G /C+(L). As we have \/t Ve"*-^ G J^{LP-Li) by assumption and e"*-^ G J^{L^-Lp) 
since p G J{L), by composition and the semigroup property, \/tVe~^^ G ~^'^)- 
Hence g G /C+(L). 

Case p <2 < q: Since VtVe"*-^ G JF(Lp - L"), using the equivalence between off- 
diagonal estimates on balls and full off-diagonal estimates (see Remark 15.11) . we have 
that v^Ve-*^ G J^(L2 - L") and v^Ve"*^ G - L^). Hence, p G /C_(L) and 

g G ;C+(L). 



Case j9 < g < 2: As n > 2, we have g* < 00. Hence, Lemma 15.41 vields in particular 
p G J{L). As p < 2, we have p G KL-{L) by Lemma and since p < q < 2, 
q G /C_(L) as well. □ 
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Let US finish this section with analyticity issues. For L as above, there exists 
•d G [0, 7r/2) depending only on the elhpticity constants such that for all / G V{L) 

|arg(L/,/)| <^9. 

We take the smallest d such that this estimate holds. In this case, one can obtain that 
L is of type "i? and its semigroup {e~*^}t>o has an analytic extension to a complex 
semigroup {e'^^j^gs^^^ of contractions on L^. 

Applying Theorem 14.31 with pq = 2 and Proposition 13.21 one can obtain full off- 
diagonal estimates for the family {{zL)"^e~^^}z£T:^ in the range J7'(L) and a similar 
type of arguments yields the same thing for the family {-y/i V(zL)™e~^^}zgs^ in the 
range /C(L), where < fi < 7t/2 — and \z\ replaces t in the estimates. We skip 
details. 

We gather here a particular case for later use in |AM3j . Recall that lntJ'{L) = 
{p4L),p+{L)) and Int/C(L) = (g_(L), g+(L)). 

Proposition 5.7. Fix m G N and < fx < n /2 — i!). 

(a) Ifp,q G with p < q, then {{zL)"^e~^^}z(zj^^ satisfies — L'' full 

off-diagonal estimates and is a bounded set in C{LP). 

(6) //p,gG {q^{L),q+{L)) withp<q, then {^/^V{zL)"'e-'^},^j:^ satisfies - L'^ 
full off-diagonal estimates and is a bounded set in C{U'). 

5.2. The intervals Jw{L) and )C^{L). As a consequence of Proposition 15.71 and 
Proposition 12.41 we have the following result. 

Proposition 5.8. Fix m G N and < n < tt/2 — i!). Let w G A^c- 

(a) Ifp,q G Ww[p-{L),p+{L)) with p < q, then {{zL)'^e'^^}zeJ:^ satisfies L^{w) — 
L'^{w) off-diagonal estimates on balls and is a bounded set in C{U'{w)). 

(6) If p,q G W^(g_(L),g+(L)) with p < q, then {^V {zL)'^e~''^} ^^y.^, satisfies 
L^{w) — L'^{w) off-diagonal estimates on balls and is a bounded set in C{L^{w)). 

This statement says that one has some a priori knowledge of the intervals were we 
have weighted off-diagonal estimates on balls. But, they could be larger than this. 
For a weight w, we let Jw{,L) and JC^iL) be the intervals of exponents p G [1, oo] such 
that e~*^ and -^/t Ve~*^ respectively are bounded on L^{w) uniformly in t > 0. 

Proposition 5.9. Fix m G N and < /i < 7r/2 — ^. Let w G A^. 

(a) Assume >V^(p_(L),p+(L)) 7^ 0. There exists a unique subset o/[l,oo], denoted 
by Jw{L), which is an interval containing W^(p_(L),p+(L)) , such that 

Vp, g G [1, 00], p < g ( e-*^ G 0{U\w) - L\w)) ^p,qe ML) ) . (5.3) 

Furthermore, Jw{Lj) C Jw{L) o,nd Int J'u,{L) = lntJ'w{L). Also if p,q G Jw{L) 
with p < q, then {{zL)'^e~^ ^}zeT,^ satisfies L^{w) — L^{w) off-diagonal estimates 
on balls and is a bounded set in C{Lp{w)). 

(6) Assume Wi„(g_(L), 7^ 0. There exists a subset of [l,oo], denoted by 

ICw{L), which IS an interval containing Ww{q-{L),q+{L)^ with the following prop- 
erties: if p,q G ICw{L) with p < q then \/iVe~*^ G 0(^Lp{w) — L'^iw)^ and, 
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conversely, for p,q E [l,oo] with p < q and p ^ inf/Ci„(L), if ^/iVe *^ G 
0{LP{w) - L'i{w)) then p,q G K,w{L). In particular, lCw{L) \ {inf/C^(L)} is 
the largest open interval I in (1, oo] characterized by 

Vp,gG (l,oo], j9<g { ViVe~'^ e 0{LP{w) - L''{w)) ^ p, q e I ) . (5.4) 

Furthermore, /C^(L) C /C^(-L) and Int/C^(L) = Int/C^(L). Also ifp,q G /C^(-L) 
wt/i p < q, then {y/z V {zL)"^e~^ ^} z^t,^ satisfies Lp{w) — L'^{w) off-diagonal es- 
timates on balls and is a bounded set in C{U'{w)). 

(c) Let n>2. Assume W^{q-{L) , q+{L)) ^ 0. Then K,^{L) C Jn,{L), ini J^{L) = 
inf /C^u(L) and {sup IC^iL))*^ < supJ^^L). 

{d) If n = 1, the intervals Jw{L) o,nd K,u){L) are the same and contain (r^, oo]. 

We have set ql, = when q < nr,,, and q*„ = oo otherwise. Recall that 

= inf{r > 1 ; w G A^}. 

Remark 5.10. Let us assume that L has real coefficients. Then, the kernel of e~^^ is 

ad^{x,y) 

bounded above and below by Gaussians of the form Ct e t with different 
constants in each estimate. Hence, for p > 1 and w G Aqo, we find that e~*-^ is bounded 
on LP{w) if and only if w E Ap. The sufficiency comes from the upper bound on the 
kernel. The necessity uses the positivity of the kernel and the doubling condition on 
w to derive w G Ap. Thus, Jw{,L) = {p G [l,oo] : w E Ap}. At the same time 
Ww{p-{L),P+{L)) = >V^(l,oo) = (r^,oo). If w G Ai, then one has that Jw{L) = 
[l,oo]. If w ^ Ai, Jw{L) = {ryj,oo\. In all cases Intj7u,(L) = >V^(p_(L),p+(L)). 
The positivity of the semigroup makes it in some sense extremal among this class of 
semigroups (for complex L). 

Also JCw{L) = {rw,kw\ where fc^ > and Sw = sup{s G (1, 00] ; w G RHg} 

(whether is in JCw{L) is not known: we suspect that /C^(L) is open in [1, 00]). 

This also shows that there is no upper bound of sup j7u,(L) in terms of sup/C^(L) 
as already observed for w = 1. 

Remark 5.11. We do not know examples where Jw{,L) and VV^(p_(L),j9+(L)) have 
different endpoints: such examples, if any, must be complex. 

Remark 5.12. It seems natural to expect that Jw{L) and K,yj{L) are included in the 
set of r G [1, 00] such that w E A^. We are unable to show this. 

Also, in part (6), we lack of a general argument showing that if p = inf /C^(L) < q < 
inf >V^(g_(L),g+(L)) = g_(L)r^ and v^Ve"*^ G 0{Lp{w)- L'^{w)) then pE /C^(L). 

Proof of Proposition lF^ Part (a) follows from Corollarv 14.51 For the statement cor- 
responding to the family {{z L)™- e~^^} we observe that, given p,q E Jw{L) with 
p < q, there exists po, qo, E Jw{,L) so that Po < p < q < qo and po < ''^0 < lo with 
ro G yVw{p-{L),p+{L)) ■ By using Proposition 15.81 and Theorem 14.31 it follows that 
{(zL)"^e-"^} G C»(Lfo(w) -L'?»(u;)) C O {Lp (w) - (w)) . 

We next prove part (d), part (c) and part (6) in this order. In fact, the construction 
of JCwiL) is given during the proofs of part (d) for dimension 1 and part (c) for higher 
dimensions. 
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Proof of ProposifAon \5.fi\ Part (d). We recall that p~{L) = q-{L) = 1 and p+{L) = 
q+{L) = oo, because the kernels of e~*^ and of y/t -^e~^^ are pointwise dominated by 
Gaussians [AMcT]. Hence, Jw{,L) is the interval of those p G [1, cxo] such that e"*-^ G 
0[L^{w) — L°°{w)) and it contains (r^jOo]. Define K,w{L) as the interval of those 
p G [l,oo] such that yt£e-*^ G 0(Lp(w) - . We show that J^{L) = /C^(L). 

Let p G JUL). As Vi£e-^^ G 0{L°^{w) - L°°H) and e"*^ G - 
, we have by composition and the semigroup property y/t e~^^ G 0[L^{w) — 
L'^lw)). Hence, p G /C^(L). 

Conversely, assume V^^e"*-^ G 0{Lp{w) - Let g G M with ^ > r^„ so 

that to G Ai. Let i? be a ball (an interval), r its radius and / G C^{B). Since 

e~^^ f{x) vanishes at ±oo by the compact support of / and the decay of the kernel of 
e~*-^, we have for all x G M, 

|e-*V(a:)|< / \{e-''^f)\y)\dy< / |(e^* 

Now, with = Ci{B), we use w G and our assumption, which implies that 
yt|:e-*^GO(LPH-L«H), 

-tL _ 



I |(e-*^/y(y)|rfy<5^2'+V / 



l(e-*"/)'(l/)My 



2'r(/ |(e-*^/)'(y)rdHy)) 

/ N max{6»2,l+9i} ^^2 /• i 

< rr.xy (l+e-^)(£|/rd..)' 



02 

/ f \ 

< T 



In particular, this proves ()2.2|) for e *^ G — L°°(w)). 

Remark that if x G Cj, then one has the more precise estimate 



|e-*^/(a;)|< / \{e-''^fy{y)\dy. 

JR\2J B 

Indeed, it suffices to integrate {e~*^ f)' from x to +00 if x > and from —00 to x if 
X < 0. In both cases, the interval of integration is contained in M \ 2^ B. Hence, the 
same argument above yields 

|e-*^/(x)| <t(^— j e -[j^'dwy, 
which proves ((231) for e~^^ G 0(LP(ty) - L°°(w)). 
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Similarly, assume / supported in Cj = Cj{B). We want to estimate |e~*^/(x)| for 
X E B. Split Cj into its two connected components, Bj^i,Bj^2, which are intervals of 
radius 2^~^ r. Observe that B is contained in M \ 2 Bj^k for k = 1,2. Assume that / 
is supported in Bj^i to fix ideas. Hence, for x G -B, one has as before 

|e-*M^)|< / \{e"''^fny)\dy. 
Arguing as above (with 2 Bj i in place of 2^ B) we obtain 

One does the same thing when / is supported in Bj 2- This proves ()2.3|) for e~^^ G 
0{LP{w) - L°^{w)). Hence, p G Jnj{L). 

Proof of Proposition Wl\ Part (c). We have n > 2, W^(g_(L), ^ and we 

know that this is an open interval. Pick f G >Vw(g_(L), q^{V)) and set 

/C_,^(L) = {pe ; VtVe-*^ G 0{L'p{w) - U\w))}, 

;C+,^(L) = {pe [f, oo] ; V e-*^ G 0(L^(«;) - L^w))], 

lCw{L) = /C_,^(-L) U /C+,^(L). 

By construction, JC^^L) contains >Vw(g_(L), g+(L)) and it is clearly an interval. 
We need the following lemmas whose proofs are given below: 

Lemma 5.13. Let 1 < p < r. The following assertions are equivalent: 

(i) e-*^ G 0{LP{w) - L^{w)). 

(ii) ViV e-'^ e 0{LP{w) ~ U{w)). 

Lemma 5.14. Assume r < p < oo and \ft\J e~^^ G 0{U{w) — L^iw)). Then for 
r < q < pIj, we have e'^^ G 0[L^{w) - L^(w)). 

Note that Lemma lB.lHI yields that inf Jw{L) = inf /C^(L) and /C_^^„(L) C Jw{L). On 
the other hand, Lemma lB. 141 implies that (sup /C^(L))^ < sup Jw{L) and so /C_|_^^(L) C 
Jw{L). This proves part (c). 

Proof of Lemma \5. l.li. As f G (g„(L), g+(L)) , we have \/iVe'^^ G 0{L''{w) - 
U{w)). Hence, by composition and the semigroup property, we deduce that (i) imphes 
(u). 

For the converse, we cannot follow the route of Lemma IK7^ so we use similar ideas as 
in Lemma E31 We introduce some auxihary exponents. Since f G >V^(g_(L), g+(L)), 

there exist pi, qi such that q-{L) < pi < r < qi < q+{L) and w G A±_ fl RH/q^y. 

PI if) 

Note that q+{L) > (g_(L))*: indeed if n = 2 then q-{L) = 1 and q+{L) > 2 whereas 
if n > 3, q-{L) < and q+{L) > 2. Thus one can choose pi < n and gi so that 



We begin the proof of (i) with ()2.4j) . Let i? be a ball, r its radius and / G C^(]R") 
with support in B. Let j > 2 and Cj = Cj{B). Observe that g = e~*^/ satisfy 
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the hypotheses of Lemma (5.51 with q = pi. We use that w E RH^q^y and e^^^l"^^^ g 

T{U''^ - L^i) — because = q-{L) < pi < pi < qi < q+{L) < p+{L) — and 

Sobolev's inequahty on and on R" \ 2^~^ B (see Lemma fS.Sp : 



< 



e t 



2J-1 B 



+ 



< (2V)"n t ' ^1 «i 



c 4^ 

e t 



"\2J-i B 



+ 



From w G and our assumption (ii), we have 



Ci 



Ci 



< 



< 



" 1 / 

T 



^ ^ maxima, ^+01} 



1 + e t 



c4' r' 

e « 



B 



jL _i I r 
< rfi t 2T — 



02 



Ifl'dwY 



B 



(5.5) 



The integral on M" \ 2-^ is analyzed similarly when j > 3 with a summation over 
/ > j — 1. If j = 2, then the integral on Ci = AB is replaced by one on Ci = AB \ 2B 
whose contribution is of the same order than the one on C2- Hence, 



yg-(t/2)Ly|pi^^yi <(2J>)?rr5T 



i"\2J-i B 

All together after rearranging the terms yields 

02 ' " " 



/2-'r\ 



02 



c 4^ 

e t 



\f\'dwY 



B 



\e-*^fYdwy <2^<^^T 
which is dsn for e"*^ G 0{Lp{w) - U{w)). 



i/r<i«, 
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The proof of (Q for e"*^ G 0{Lp{w) - U{w)) is similar using only Sobolev's 
inequality on since we do not need a Gaussian term: 



/^From here we conclude the desired estimate as in 

It remains to prove (j23|l for e"*^ G 0{U'{w) - U'{w)). Let 5 be a ball, r its 
radius, j > 2 and / G C^{W) with supp f C Cj = Cj{B). Since C^- = 2^+1 B \ 2^ B, 
we can cover Cj by a finite number of balls Bj ^ with radii | 2^ r, with centers at 
distance | 2^ r from the center of B and the number of balls is a dimensional constant 
independent of j and B. It is enough to assume that / is also supported in one Bj^k- 
Using w G RH(,_,y and e-^*/^)^ e - L*?!), 



___n_ -i/J! S.) 



C4^ y.2 



We use Sobolev's inequality in M" and split M" according to the sets Ci{2^'^'^ B), I > 1. 

Then w E and (ii) yield as before 
PI 

with ^2 = max{6'2, ^ + ^1}. Next, observe that 2^~'^ B is contained in M.^\2Bj^k, hence 
by Lemma [5 .51 



dx) <( [ |Ve-(*/2)i/|Pi rfa-] -1 . 

23-^ B ' ^ JR"\2Bj_k 

Using a splitting of R" \ 2Bj^k with the rings 2'+^ Bj,k \ 2' for / > 1, G and 
(a) together with Lemma give us 

( [ |Ve-(*/^)Vrrf2;)^<(2^r)?Tr^Tf^y'e-'^(/ 1/^^^)'. 

Gathering our estimates, we deduce that 

n , n n 
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whenever / is supported in Cj fl Bj^k. This gives us ()2.3|) for e *^ G 0{^L'p{w) — 
Uiw)). ' □ 

Proof of Lemma [5. 14\ We know that f G >V^(g_(L), g+(L)). Hence, w G A f C 

9-(-C') 

C v4p. Furthermore, for all r > r^, all balls B and Borel subsets E of -B, 



|5| ~ Vw^(^), 

Let g < oo with ^ > | - |. Using |KPW[ Corollary 3.2], we have an Lp{w) - U{w) 
Poincare inequality: 

for all any B and Lipschitz function g where qb stands for the w-average of g on B. 
Since convolution with a function defines bounded map on Ui^w) when w G A^, an 
approximation argument via moUifiers shows the validity of this inequality if (? G U'{w) 
such that Vg G L^iw). 

We begin with (j221) for e"*^ G - ^{w)). Since f G (g_(L), g+(L)) C 

W^(j9_(L),p+(L)), e-*^ G 0{U{w)-U\w)). The matter is to improve integrability. 
Let i? be a ball, r its radius and / G C^(]R") with support in B. Observe that the 
Poincare inequality above applies on B to g = e~*^/ since we know that g G L^{w), 
Vg G LP{w) from e"*-^ G - L'^iw)), our assumption ViVe'^^ G - 

LP{w)) and Lemma ffj.fil Hence 

[j le-'^fl^dwy < j \e-'^f\dw + r(^j \Ve-'^f\Pdw 

B2 



^ ''{71)" ii^''"'")' 



This proves ()2.2|) . 

To prove ()2.4|) . we take -B and / as before. Let j > 2 and cover Cj = Cj{B) by 
a finite number of balls Bj ^ with radii | 2^ r and centers at distance | 2-^ r from the 
center of B. For each ball we apply the same argument and obtain ()2.4|1 using 
the hypothesis with Cj replaced by each Bj i^. It suffices to add all the estimates to 
conclude. 

To prove ()2.3p . we apply the same argument as for ()2.2|) but with / now supported 
in Cj{B) for j > 2. Easy details are skipped. □ 

Proof of Proposition \5. Part (b). In parts (c) and (d), we defined a set /C«,(L) which is 
an interval in [1, 00] containing W^(g_(L), The proof that g G JCw{L) with 

p < q implies \/tVe~^^ G 0(^Lp{w) — L'^(w)) is entirely similar to that of Proposition 
15.61 for }C{L) replacing 2 by f, full off-diagonal estimates by off-diagonal estimates on 
balls and using Lemma 15.131 in place of Lemma 15.31 

Conversely assuming p,q G [1, 00] with p < q and p 7^ inf K,u,{L) and \/tVe~^^ G 
0{^LP{w) — L''{w)) we conclude that p,q E KLu,{L) as in Proposition 15.61 for /C(L) 
except when p < q < r. For this situation, we argue as follows: As p ^ inf/Ci„(L) 
we have two cases. The first one is p > inf/C^„(L), which yields p,q in the interval 
K,w{L). The second one is p < iniK,u,{L). Interpolating Ve~*^ G 0{^U'{w)—L'^{w)) 
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with A/tVe^*^ G 0[L^{w) — L^{w)) for any p,q E }Cw{L) with p < q, one can find 
a pair pg,qg with pe < inf /C^(L) and qg G Wtt, g+(L)) such that v^Ve"*-^ G 
— Lemma l5.13l holds with qa in place of f as qa G Wtt,(g_(L), g+(L)) 
and thus pg G Jyj{L). This leads to a contradiction since pg < inf /C^(L) = inf J^{V). 
Hence, this second case does not happen. 

The rest of the proof of (6) is easy: That Int /C^(L) = Int lCw{L) is a consequence of 
the discussion in Section 14.11 and the previous characterization (see also the last part 
of the proof of Proposition 14. The extension of the off-diagonal estimates to the 
analytic family follows that done for the semigroup. The ^{w) boundedness follows 
from Theorem 12.31 part (a). We skip further details. □ 

We conclude this discussion with a word on infinitesimal generators. 

Corollary 5.15. Assume >V^(p_(L),p+(L)) ^ 0. For p G Jw{L) and p ^ oo, the 

extension to U'{w) o/{e~*^}t>o has an infinitesimal generator which is an operator 
of type 'd in L'P{w). 

Proof. This is a consequence of Corollary 14.51 and Proposition 15. 9| noting that by 
construction {e~*^}t>o is strongly continuous on and 2 G The fact 

that the infinitesimal generator is of type d comes from the holomorphic extension of 
the semigroup on ^7^/2-,? for p G Jw{L). □ 

Remark 5.16. The inclusion lCw{L) C Jw{,I^) implies that if j9 G JCw{L) with p ^ 
00, the domain of the LP(w)-infinitesimal generator is contained in the space {/ G 
Wiw) ; V/ G L'P{w)} (the gradient is defined in the distributional sense). 

6. Proofs of the main results 

6.1. Proof of Proposition Assume first that Kt{x,y) is given with the desired 
properties. Fix t > 0. Let i? be a ball, r its radius and z its center. Let / G L^{^j) 
with support in B. Then for almost every x E B, 

\Ttf(x)\< I \ f\dfi< ( I \ f\dfi]. 

The doubling condition yields that fi{B) ^ fi{B{x,r)). If r < ^/t then /i(-B) < 
n{B{x, \/t). Otherwise r > \/t, the doubling condition implies 

/.(i?) ^ fiiBix,r)) < i^-^y ^i{B{x,Vt)), 

and ()2.2|) holds with 62 = D, the doubling exponent of /i. Similarly, ()2.3p and ()2.4p 
hold with 61 = and 02 = D. Hence Tt G 0{L\fi) - L°°{fi)). 

Conversely, assume Tt G 0{L^{^) - L°°(/i)). Fix t > 0. It follows in particular 
from ()2.2j) that for any ball B and any f,gEL^ with support in B 

1^ \g{x)\ \TJ{x)\ dfi{x) < t(^^^ ' ll/llill^lli- 

Hence, there exists Kt B E L'^{B x B) such that 

/ g{x)Ttf{x)dfi{x) = / / g{x)Kt^B{x,y) f{y)dfi{y)dfi{x). 

J B J B Jb 
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It is easy to show that Kt^six, y) = Kt^B'{x, y) almost everywhere on B x B Ci B' x B' 
so that we may define Kt G L^ci'^ ^ which agrees almost everywhere with Kt^B 
on B X B. Fix a Lebesgue point (xo,?/o) of Kt. Assume that d{xo,yo) < \/t. Fix 
B = B{xq, \/t) so that xq, yo G B. Then, apply the formula above and let /, g 
approximate Dirac masses at y^, xq (more precisely, we use Lebesgue differentiation) 
to obtain ^ ^ 

\Kt{xQ,yQ)\ < — — = — — 

KB) jj{B{xo,Vt)) 

If d{xo,yo) > y/i, then we choose r = d{xo,yo)/6, and for / G L^ifJ^) with support in 
B = B{yo,r) and g G L^{fi) with support in B' = B{xQ,r), we have (embed B and 
B' in a larger ball B" on which the formula for Kt^s" is used) 



g{x)Ttf{x)dfi{x) = I / g{x)Kt{x,y) f{y)dfi{y)diJ.{x). 

B' J B' J B 

Since B' C C2(-B), we may apply ()2.4|1 with j = 2 and by letting / and g approximate 
Dirac masses as before, we obtain 

|i^.(xo,l/o)|<^(^^j e * . 

But d{xo, yo) > \ft implies that we can absorb the 6*2 power by the Gaussian factor and 
also that ii(B(xq, y/i)) < ii{B{xo, d{xo,yo))) < ii{B{xo,r)) = ij.{B) as fj. is doubling. 

6.2. Proof of Theorem 12. 3t Part (a). We need the following basic facts about 
spaces of homogeneous type. Indeed, the following property was used originally to 
define those spaces, see |CWj . 



Lemma 6.1. There exists N ^ N depending on Co in 1)2.11] . such that, for every 
j > 1, any ball B contains at most points {xk}k such that d{xk^,Xk2) > rB/2^ . 

We also recall the following well-known covering lemma whose proof is left to the 
reader (note that the covering family has to be countable since in any fixed ball the 
number of r/2-separated points is finite by the previous result). 

Lemma 6.2. Given r > there exists a sequence {xk}k <Z X so that d{xki,Xk2) > r/2 
for all Xk^ 7^ Xk2 CLnd X = B{xk, r). 

We can now establish (a) in Theorem 12.31 We use Lemma 16.21 with r = \/i and 
write Bk = B{xk, Vt). Then, if 1 < p < oo, 

k "^^fc k ^ j=l -^^k ' 

< i:(g2-.T(20%-(^)'(/^_^^j/r*)7 

(OO „ , CO V -E- 

oo „ oo „ 

-1—1 '^'^ i. ^—1 ^ 



j=i "■^ k i=i 
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Jx 

where we have used that for any j > 1 we have Xc {Bfe)(^) — Indeed, for a 

fixed X G A", there exists such that x G -Bfcg. Then, by Lemma f6.H 

< : X G 2^+1 fife} < #{A; : G fi(xfe„, < 

k 

since (i(xfc, Xj) > r /2 = (2-'+^ r)/2^^^. The modification for p = oo is left to the reader. 

6.3. Proof of Theorem 12. 3t Part (6). We next show that the definition of off- 
diagonal estimates on balls is stable under composition. 

To prove this we need the following auxiliary results whose proofs are postponed 
until the end of this subsection. 

Lemma 6.3. Let s > 0, a > and f3 > with a ^ 13. Then, if < c' < c, 

oo 
A:=0 

Remark 6.4. We have assumed a 7^ /? in order to get explicit exponents. If 

a = f3 the same estimate remains true with the power of T(s) being a + e, for any 
e > 0, in place of a. For cleanness and shortness, we will use this lemma several times 
assuming that the powers are different, if this is not the case the final power has to 
be slightly enlarged for the estimate to be correct. 

Lemma 6.5. IfTfE 0(^L^{fi) — L'^{fi)) with exponents 61 and 62, then for any ball B 
with radius r we have 

(/jT,(Xe.,« /)!'*)' ^r[^)" l/r*)' 

and 

that is, Tt satisfies the last two estimates in Definition \2.1\ with j = 1 and Ci{B) in 
place of Cj{B). 

Lemma 6.6. IfTt G (9(L^(/i) — L'^{ii)) with parameters 9i, 62, c then for < c' < c, 
for any ball B with radius r and for every j > 1 we have 




Once we have stated these auxiliary results we can proceed to establish Theorem 
Ea Part (6). 
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Proof of Theorem \2.^ Part (6). We start with ()2.2|1 and assume that supp / C B. 
Write A = rsj^- Note that we have 

= I + IL 
Then, since supp f G B G 2 B we have 

I < (/ \TtiX2BStf)r'dfif <Ti2\f^ U isji'^di^y 

JIB JIB 
J 2, B J B 

On the other hand, applying Lemma f6.6l twice we have 

// < 2^iT(2Ar""^'^''^^ e-^'^^' (/ iStfl'dfiY 



{2B) 

/I 
Iff d/j^ ^ 



< ■Yj^j)^'|max{ei,e2}+max{7i+D/7,72} ff |/|P(i/iV 

J B 



23 



Collecting the bounds for I and // we obtain the desired estimate. 

Next, we consider ()2.3|) . Let / be supported on Cj{B) with j > 2. Let us set 
\ = 2^ rsl We first split the integral as follows 



[£\T,{Stf)Y di^Y < {£\Tt{X2.^.s Stf)Y diiY + [£\T,{X(,,_^ BY Stf)\'df^y 
= I + IL 

For / we write B = 2^^^ B which has radius = 2^^^ r^. Thus, Cj{B) = A B\2 B = 
Ci{B) and so by Lemma f6. 51 we have 



\ 72 c4r~ p 1 

vt) ''~^^jciB)^^^''^^y 

r - 

< 2i ^7^^(^)62+72 g-cA2 M \f\Pd^lY. 

^JcAB) ^ 



On the other hand, by Lemma 



^ J (23-^ BY ^ 



WEIGHTED NORM INEQUALITIES AND ELLIPTIC OPERATORS 31 

Besides, 

(/ \stf\''dfiy<(S isjiUfiY + fJ^ \sj\Uf,y =ih+ih. 

For J/i we observe that 

On the other hand for 11^ we set B = 2-'+^ B and so its radius is r^j = 2^~^^ tb- Thus, 
{2^+^ By = {2 By and r^/Vi = 2X. By Lemma EE we have 



'{2 BY 



Collecting the bounds for /, J/i and II2 we obtain the desired estimate. 

Finally, we show ()2.4|) . We take supp / C -B and j > 2. Let us set A = 2^ rs/Vt- 
We proceed as follows 



(/ \T,isj)r df,f < (/ \T,{x,,_,^sj)rdf,f 

^JCj{B) ^ ^JCj{B) ^ 



+ (f \Tt{X^,,,.BYStf)Yd^^y =1 + 11. 

'Cj{B) 



For I we write B = 2^ ^ B which has radius rjj = 2^ ^ r. Thus, Cj{B) = 4 B \ 2 B 
Ci(B) and rj^/^/t = A/2, so Lemma IFTHl vields 

= TiXf^ e-^^ (/ |5,(/X^)N/^)' <T(A)^^ e-^^T(Ar (/ l/rd/.)^ 

< T(Af^+^^e-^^'(£|/rrf/i)'. 
On the other hand, 

= ih+ih. 

For J/i we use Lemma (6.61 



Ih = if l^t(X2.+2B (X(2.-imc '^t/))rc?/i 



< Tl 



1 
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2i-l ™a'^{7i+-D/'?,72,} c4J-ir| , r \^ 



J B 

On the other hand for II2 we set B = 2^^^ B and so its radius is = 2^^^ r. Thus, 
= {2 By and r^l\ft = 2A, so by Lemma we have 



^^2 = (£m(X(2i,). 5*/)rV 

< r{\r^''^'''''U-'^" (-f IStfi'^dfi)' 

/9i+2„ \ max{7i+D/g,72} c4J+2r2„ , r . 1 

r - 



Collecting the bounds for J, JJi and 1/2 we obtain the desired estimate. □ 

Proof of Lemma \6.'A If s > 1, since s'^e"'^^*'^^ < e~^'*^ • e"^"'^'' for some c" > 0, we 
have 

00 00 

fc=0 fc=0 

If < s < 1 then there is /cq e N such that 2"^" < s < 2'^'^^^. We obtain 

00 00 

fc=0 fc=0 

fco 00 

= 2^^" T(2'^^'*^°)^ 6"'^^*"''° + 2*^" T(2'^~'^")'' e"'^^'""*" = / + // 

fc=0 A;=fco+l 

Then, as a 7^ /3, 

fco 

^ ^ ^ ^ 2^*^ 2~^^~^0-^ ^ 2^^" max{a,/3} ^ ^— max{a,/3} 
fc=0 

On the other hand, as a + /5 > 

00 00 

JJ 2^^~^'^^ ^ e~^^''~^° < 2^0 " ^ ^ 2^ g-c 4'° < 2^=0 < ^-max{«,/3} 

fc=fco+l fc=l 

Thus, 



fc=0 

□ 
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Proof of Lemma \6.f\ By Lemma f6.H given B we can construct a sequence {xk}k=i 
B with K < such that d{xk,Xj) > tb/S for j ^ k and with the property that 
for all X G i? we have some k for which d{x,Xk) < t_b/8 (this means that we cannot 
pick more x^s). Write B^ = B{xk,rB/4:) and note that B C IJfcLi-^fc- Besides, 
Ci{B) c2^Bk\ 2^ Bk = C2{Bk) U ^3(5^) U Ci{Bk) for each k. Let / be supported on 
Ci{B). Then, for each k, f = Yl]=2 fiM where fj^k = f XcjiB^y As supp fj^k C Cj{Bk), 

where we have used that ^{2^^'^Bk) ^ ^.{^B) ^ ii{B) for j = 2, 3, 4 and 1 < k < K. 

On the other hand if supp / C -B we have that / = J2k=i fk where fk = f Xe^ "^i^^ 
Ek C -Bfc and the sets Ek are pairwise disjoint (for instance, we can take Ei = Bi, 
E2 = B2\Ei, ...). Then, as supp fk C Bk 

k=l j=2 \ Vt J ^Jb, ^ 

□ 

Proof of Lemma \6.(A Suppose first that j > 2. Let us write A = 2^ r/y/t. Using that 
Tt E 0{LP{fi) - L^ifi)) we have 

JB j^^j JB 

CO /• 1 

fc=0 W(2.B)^ ^ 

^ J (2J BY ' 

where we have used Lemma lfj.31 (the power max{^i,^2} is correct whenever Q\ 7^ ^2, 
see Remark iniH otherwise) . 



34 PASCAL AUSCHER AND JOSE MARIA MARTELL 

When j = 1, the argument is exactly the same but for the term k = j = 1 on which 
we use Lemma lfj.5l in place of Definition 12.11 

On the other hand, assume that j >2 (and the other case is done as just explained). 
Then, since /x is doubling, we have 



fc=o -'^ 

where, as before, we have used Lemma EISl (here, one needs + 7^ 6*2, see Remark 
I otherwise). □ 



6.4. Proof of Proposition 12. 4L We fix w G Av_ fi RHf^my and by Proposition 



lA.ll [ill) and {iv\ there exist pi, gi with Po < Pi < P ^ < Q'l < ?o such that 



w G n RHjSxy. It is well-known that 



PI 



w;GA^ ^ [ f g'^ d^iV' < [j dwY (6.1) 



weRH^._^y ^ i^j^g^dwY<i^jj^^diiy\ (6.2) 

where in the right hand sides g runs over the set of non-negative measurable functions 
and B runs over the set of balls. Thus, using (jHSI), Tt G O [L^^ (fi) - L'^^ (fi)) and dHU 
we have 

62 



This shows ()2.2p . The same can be done to derive ()2.3|1 and ()2.4|1 and this completes 
the proof. 

6.5. Proof of Propositions 13.21 and 13. 3L 

Proof of Proposition \3 /A We prove (a). That Tt G J^{LP{fi) - L^ifi)) implies Tt G 
0(^LP{fj,) — L'^ifJ.)) is easy by specializing ()3.1|) to balls and annuli and using 

1 1_ n n_ 

fi[B) p 9 ^ r p 9 . 

from the polynomial upper bound of the volume. 

We turn to (6). Assume q < 00. The argument mimics that of Theorem \2.'A\ part 
(a). Let E, F be two closed sets and t > 0. Let / be supported in E. We first assume 
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that if: < {d{E,F)/lQf. Pick a collection of balls Bk = B{xk, r) as in Lemma [6.21 with 
r = d{E,F) /16. Observe that if x G -F and y ^ E then d{x,y) > d{E,F) = 16 r. 
Hence, if x & Bk then y ^ 45^, so ?/ G Cj{Bk) for some j > 2. In what follows 
the summation in k is restricted to those balls Bk so that F (1 Bk 7^ 0. Using that 
supp f C E and ()2.3|) , we have 



<J2 \TJ\''df^<J2lj2{ \TtiXc,^s.)f)\'df^y) 

k -J Bk k ^ j=2 "^^fe ^ 



Next, by the polynomial lower bound of the volume, p < q and r > we have 



1 ,1 



HiBk)" uiBk)^ 



Also, note that 

for some c', c" > 0. Thus, 

00 „ 1X9 



(\ g y 00 „ \ -2. 



k ^ j=2 -'^JV 

00 - s 9 



j=2 k 

where we used the fact that ^ > 1- We conclude as in Section IHSl using 

00 00 

j=2 k 3=2 

In the case where t > {d{E,F)/16y, then we argue as before with r = ^/t. This 
time, we have to incorporate the terms with j = 1 and use also ()2.2|) with ABk- We 
obtain 

\\Ttf\\LHF,,)<r'^^^~"^ WfhpiE,,). 

This proves the result when q < 00. The modification for g = 00 is left to the 
reader. □ 

Proof of Proposition fXM Assume first that Tj satisfies L^ifJ^) — L'^{^) full off-diagonal 
estimates of type ip. Let us see for example, how to obtain ()2.2|1 for Tt G O^L^^fi) — 
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the other estimates being similar. We speciahze ()3.1|) with t^^ replaced by 
(p{Vi) '' ^ to E = F = B. Then, using /i(-B) ~ </5(r), we obtain 

and we observe that since ip is non decreasing and is doubling, 



where D is the doubling order of /x. 

We turn to the converse. The argument is the same as the one above. The only 
change is in the inequality when t < {d{E, F)/16)^ = r^, and it reads 

as (f is non-decreasing ^/t < r and p < q. Further details are left to the reader. □ 

6.6. Proof of Proposition EIEl Fix a ball B. Set r = tb and A = rj^ft. By [iii] 
and [iv] in Proposition lA.ll one can select pi, q\ with Po < Pi < p < q < qi < qo and 

W G AjL n RH,ny. 

Using {vii) and (fin) in Proposition lA.lf we have that w^~^^ E Aa with a = 
l + (^-l)(7)'^^d 

/I |\-na \ l/(^)' / r \ — )' ^DN 

{2BY \ r J J \Jb J \B\^ 

where, in the last estimate we have used that w G RH/oiy. Let a > be such that 
na = then by Holder's inequality and the above inequality 

qi 

Now decompose {2BY as the union of the rings Cj{B) for j > 1 where Ci{B) is here 
AB \ 2B. On each Cj{B) we can use the L^^ldx) — L'^^{dx) full off-diagonal estimates 
so that the right hand term is bounded by 

where we have used that w G Ajl. Hence we have obtained ()3.3p and the total power 
of A is 

^ n n a n f p 

Pi qi q Pi\ q 

Let us prove the estimate ()3.4|1 . We pick pi, qi as before and take a so that 
na' where a = 1 + (— — !)(—)'. Writing fj = Xc (b) /' using that w G RH/q^^i and 



-pi ■ 
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by the L^^ (dx) — L'^^ (dx) full off-diagonal estimates for Tt 



PI 



< 



1 \^-i7.-c4^A2oJ^/' /" /k-a^sl 



^J(2B)= V r / / 

where 

n n a n f q ^ 

^ Pi qi pi qi \p 

Using Holder's inequality with ^ > 1 it follows that 



< ( [ IffwdxY ( [ ^.(x)^"(^)Y^^^)""^-^a:)^ 

\B\^ ^J{2Br ^ ^Ji2Br \ r J J 

I; w{B)p f f ..flx-XB 



<X-e-^'Ui IfTdwY^ / w'~^^y{x)r-^—^) dx)^ 

^J{2Br ^ \B\n ^J{2Br \ r J / 



{2BY 

where the latter inequality is obtained as follows: since i ' G Aa, one has that 

w^~^ = '•PI'' G Aa'. Thus iviii) in Proposition lA. II and w G Ap_ imply 

PI 

1 1 



Appendix A. Muckenhoupt weights 

A weight w is a non- negative locally integrable function. We say that w & Ap, 
1 < p < oo, if there exists a constant C such that for every ball B G X, 



*r-^- 
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For p = 1, we say that w & Ai'ii there is a constant C such that for every ball B (Z X 



+ w < Cw{y), for a.e. y G B, 
Jb 



or, equivalently, Mw < Cw for a.e.. The reverse Holder classes are defined in the 
following way: w G RHg, 1 < g < oo, if 



B 



w'^ dn] < C -I- w dfx 



for every ball B. The endpoint g = oo is given by the condition: w G RHoo whenever, 
for any ball B, 



w{y) <C + w d^, for a.e. y E B. 
Jb 



Notice that we have excluded the case q = 1 since the class RHi consists of all the 
weights and that is the way RHi is understood. 

Next, we present some of the properties of these classes. 

Proposition A.l. 

{{) Ai C Ap C Ag for 1 < p < q < oo. 

{ii) RHoo C RHg C RHp for 1 < p <q < oo. 

{ill) If w E Ap, 1 < p < oo, then there exists 1 < q < p such that w E Ag. 
(iv) If w E RHg, 1 < q < oo, then there exists q < p < oo such that w G RHp. 

{v) A^= [j Ap= \J RHg 

l<p<oo l<q<oo 

(vi) Ifl<p< OO, w G Ap if and only if w^^^' G Api . 

(vii) If 1 < q < oo andl < s < oo, thenw G AgClRHs if and only ifw^ G As[g-i)+i. 

[via) In the case of the Euclidean space , if w E Ap, 1 < p < oo, there exists 
such that for every ball B = B{xb, tb), 

[ wix) dx<C^wiB). 

Jr"\2B \ fB J 

Properties {i)-{vi) are standard. For {vii) see |JNj in the Euclidean setting (and the 
same argument holds in spaces of homogeneous type |STj ). The last property follows 
easily by using the boundedness of M on Lp{w) applied to / = Xb- 

References 

[Are] W. Arendt, Semigroups and Evolution equations: functional calculus, regularity and 

kernel estimates in Handbook of differential equations, evolutionary equations, vol. 1, 
C. Dafermos and E. Feireisl eds., Elsevier B.V., 2004. 

[AE] W. Arendt & A.F.M. ter Elst, Gaussian estimates for second order operators with bound- 

ary condition, J. Operator Theory 38 (1997), 87-130. 

[Arc] D. Aronson, Bounds for fundamental solutions of a parabolic equation, Bull. Amer. Math. 

Soc. 73 (1967), 890-896. 

[Aus] P. Auscher, On necessary and sufficient conditions for estimates of Riesz transform 

associated elliptic operators on M" and related estimates, to appear in Memoirs of the 
AMS. 



WEIGHTED NORM INEQUALITIES AND ELLIPTIC OPERATORS 



39 



[ACDH] P. Auscher, T. Coulhon, X.T. Duong & S. Hofmann, Riesz transforms on manifolds and 
heat kernel regularity, Ann. Scient. ENS Paris 37 (2004), no. 6, 911-957. 

[AHLMcT] P. Auscher, S. Hofmann, M. Laccy, A. M'^Intosh & Ph. Tchamitchian, The solution of 
the Kato square root problem for second order elliptic operators on M", Ann. Math. (2) 
156 (2002), 633-654. 

[AMI] P. Auscher & J.M. MartcU, Weighted norm inequalities, off-diagonal estimates and el- 
liptic operators. Part I: General operator theory and weights, Preprint 2006. Available at 
http : // www . uam . es/chema . mart ell 

[AM3] P. Auscher & J.M. Martell, Weighted norm inequalities, off-diagonal estimates and ellip- 
tic operators. Part III: Harmonic analysis of elliptic operators. Preprint 2006. Available 
at http : //www . uam . es/chema . martell 

[AMcT] P. Auscher, A. Mcintosh & Ph. Tchamitchian, Heat kernel of complex elliptic operators 
and applications, J. Funct. Anal. 152 (1998) 22-73. 

[AT] P. Auscher & Ph. Tchamitchian, Square root problem for divergence operators and related 

topics, Asterisque Vol. 249, Soc. Math. France, 1998. 

[BKl] S. Blunck & P. Kunstmann, Calderon-Zygmund theory for non-integral operators and the 
H°° -functional calculus, Rev. Mat. Iberoamericana 19 (2003), no. 3, 919-942. 

[BK2] S. Blunck & P. Kunstmann, Weighted norm estimates and maximal regularity. Adv. 
Differential Equations 7 (2002), no. 12, 1513 1532. 

[BK3] S. Blunck & P. Kunstmann, Weak-type {p,p) estimates for Riesz transforms. Math. Z. 
247 (2004), no. 1, 137-148. 

[Bre] H. Brczis, Analyse fonctionnelle, theorie et applications. Masson, 4cmc edition, 1993. 

[CW] R.R. Coifman & G. Weiss, Analyse Harmonique non-conmutative sur certains espaces 

homogenes. Lecture Notes in Mathematics 242, Springer- Verlag, 1971. 

[Cou] T. Coulhon, Dimension a, I'infini d'un semi-groupe analytique Bull. Sci. Math. 114 

(1990), no. 4, 485-500. 

[Dal] E.B. Davies, One-parameter semigroups. Academic Press, San diego, 1980. 

[Da2] E.B. Davies. Heat kernel bounds, conservation of probability and the Feller property. J. 

Anal. Math., 58 (1992), 99-119. 

[Da3] E.B. Davies, Heat kernels and spectral theory, Cambridge Univ. Press, 1992. 

[Da4] E.B. Davies, Uniformly elliptic operators with measurable coefficients, J. Funct. Anal. 

132 (1995), 141-169. 

[DER] N. Dungey, A.F.M ter Elst & D. Robinson, Analysis on Lie groups with polynomial 
growth, Progress in mathematics, Vol. 214, Birkhauser, Boston, 2003. 

[DMc] X.T. Duong & A. M'^Intosh, Singular integral operators with non-smooth kernels on 
irregular domains, Rev. Mat. Iberoamericana 15 (1999), 233-265. 

[FS] E.B. Fabes & D.W. Stroock, A new proof of Moser's parabolic Harnack inequalities via 

the old ideas of Nash, Arch. Rat. Mech. AppHc. 96 (1986), 327-338. 

[Fef] C. Fefferman. Inequalities for strongly singular convolution operators. Acta Math. 124 

(1970), 9-36. 

[FPW] B. Franchi, C. Perez & R. Wheeden, Self-improving properties of John-Nirenberg and 
Poincare inequalities on spaces of homogeneous type, J. Funct. Anal. 153 (1998), no. 1, 
108-146. 

[Gaf] M.P. Gaffney, The conservation property for the heat equation on Riemannian manifold. 

Comm. Pure App. Math. 12 (1959), 1-11. 

[HM] S. Hofmann & J.M. Martell, bounds for Riesz transforms and square roots associated 

to second order elliptic operators. Pub. Mat. 47 (2003), 497-515. 

[Hor] L. Hormander, Estimates for translation invariant operators in spaces. Acta Math. 

104 (1960), 93-140. 



40 



PASCAL AUSCHER AND JOSE MARIA MARTELL 



[JN] R. Johnson & C.J. Neugebauer, Change of variable results for Ap-and reverse Holder 

RHr-classes, Trans. Amer. Math. Soc. 328 (1991), no. 2, 639-666. 

[LSV] V. Liskcvich, Z. Sobol & H. Vogt, On the Lp-theory of Cq- semigroups associated with 

second-order elliptic operators. II, J. Funct. Anal. 193 (2002), no. 1, 55-76. 

[Rob] D.W. Robinson, Elliptic operators and Lie groups, Oxford Mathematical Monographs, 

Oxford University Press, Oxford, 1991. 

[ST] J.O. Strombcrg & A. Torchinsky, Weighted Hardy spaces. Lecture Notes in Mathematics 

1381, Springer- Verlag, 1989. 

[VSC] N.T. Varopoulos, L. Saloff-Coste & T. Coulhon, Analysis and geometry on groups, Cam- 
bridge tracts in mathematics, 100, Cambridge University Press. 1992. 

Pascal Auscher, Universite de Paris-Sud et CNRS UMR 8628, 91405 Orsay Cedex, 
France 

E-mail address: pascal. auscherOmath.p-sud.fr 

Jose Maria Martell, Instituto de Matematicas y Fi'sica Fundamental, Consejo Su- 
perior DE Investigaciones Cientificas, C/ Serrano 123, 28006 Madrid, Spain 

and 

Departamento de Matematicas, Universidad Autonoma de Madrid, 28049 Madrid, 
Spain 

E-mail address: chema.martell@uam.es 



